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Abstract

In relation to a given group, its vertex set V(f;) characterizes the co-prime power order graph of that group, denoted
by G and represented by f;. If and only if gcd (]x|,]y|) = p™, where p is a prime number and m is a non-negative integer,
then the vertices x and y are adjacent. This paper established to work on the graph S, and its induced graphs to determine
the independence set and the independence number a (). All of these notions focus on the order of vertex set V(f;) of a
finite group G, and the independent set, and a(f;) are depend on some properties of the graph f5; as the fullness of the
generalized quaternion group, dihedral group, and cyclic group.
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1. Introduction

In mathematics there are many branches studied since a long time ago. A graph is one of most an important of these
branches. This branch was focused on the study of algebraic structures of the sets, semi-group, and groups. Through the
previous studies we can note the relationships between the different graphs and there vertices properties like the order
of vertex. At the end of the last century, some researchers focused on the coprime graph, and all of their studies was
around the properties. Sattanathan introduced a coprime graph I; of a group G such as any two vertices a,b € V(Iy)
are adjacent if and only if their greatest common divisor is 1[1]. In [7,8,9], the researchers looked for the properties of
a graph I';. Moreover, the researchers generalized a graph [; into a new graph 6(G) which called coprime order graph
such that each two vertices a,b € V(8(G)) are adjacent if and only if gcd(o(a), o(b)) = 1 or p, when p is prime [2-4].In
[3-10], the researchers studied some properties of graph 6(G) as completeness, connectivity, independent set,
independent number, and planarity of finite groups G . Abd Rhani et al are introduced the relative coprime graph of a
group G with respect to subgroup H and denoted by I, (H, G) such that any two distinct vertices a and b € V(G) are
adjacent if and only if the greatest common divisor of their orders is 1, a and b € H [11]. In [12] Norarida et al are
introduced some properties of I'.,,.(H, G) as the independent number. In [13] R M Muthulakshmi et al introduced the
independence number of coprime graph with other properties. Hasan & Talibi are extended the graph 6(G) into S; such
that, given a prime number p and a non-negative integer n, any two vertices x and y are neighboring if and only if
gcd(|x|, ly]) = p™[14]. After that, Mushatet & Talebi investigated on some properties of the graph 8;[14]. In fact, the
reader can note the author worked on important properties of the graph ; particularly the independent set and the
independent number. This research has been recognized as following: they introduced the fundamental definitions,
propositions, and theorems in section 2. The author introduced the independent set and the independent number in
section 3. After that, the author represented the conclusion of this research.
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2. Preliminaries & Notations

This section is dedicated to introduce the mains definitions, theorems, and notations that used in this paper. The author
is represented them as following:

Definition 2.1[14]: Let G be a group of order greater than 2 then G is called ¢-group if its nontrivial elements’ order is
a prime power.

Definition 2.2[14]: A graph S is complete means that every pair of points in V(f;) are adjacent.
Theorem 2.1[14]: The completeness of a graph S is equivalent to the fact that G is a ¢-group.
Example 2.1: Let G = S; = {e, (12),(13),(23),(123),(132)}, then we see that |(12)| = [(13)| =|(23)| = 2, and

[(123)] = |(132)| = 4 = 22. Hence S; is a ¢-group, so for any vertex x € V(Bs,) satisfies the condition|x| = 2k ke
{0,1,2}. It follows that any two vertices in V(fs,) are adjacent. Therefore fs, is complete graph.

Theorem 2.2[14]: A graph B, is complete as soon as Z, is a ¢-group.

Theorem 2.3[14]: A graph f8;, is complete as soonasn = p”* ,with a prime number p, and k € Z*.

Example 2.2: Let G = Zg = {0, 1,2,3,4,5,6,7}, then we note that [0] =1 =2%|1| = 3| =|5| =|7| =8 =253, and |2| =
4 = 22, Hence Zg is any two vertices in ¢-group, or in any two vertices in V(Byz,) are adjacent, therefore f_ is a
complete graph.

Theorem 2.4[14]: A graph 8, is complete as soon as D,, isa ¢ — group.

Theorem 2.5[14]: A graph S, is complete as soon asn = p™, with a prime number p, and m € Z*.

Example 2.3: Let

G =Dg ={e,a,a? a3 a*a® a®a’,b,ab,a’b,ab,a*b,a®b,a’h,a’b}, then we find that |e| =1=2°, |a| = |a®| =
[a®] = |a”| =8 =123 |a%| =4 =22 |a* =2 =2%and |b| = |ab| = |a?b| = - = |a’b| = 2 = 2L

Therefore Dg is a ¢-group and any two of the vertices in V(fp,) are two adjacent ones. Hence S, is a complete graph.
Theorem 2.6[14]: A complete graph B, is complete as soon as Q4 is a ¢-group.

Theorem 2.7[14]: A graph §,, is complete as soonasn = 2™, m € Z".

Example 2.4: Let

G = Q16 = Qua) = {e,a,a% a3 a* a%ab a’,b,ab,a’b,a®b,a*b,a®b,a®h,a’b}, then we find that |e| =1 =2°, |a| =
[a®] = |a®]| = |a”| =8 =23 |a%| =4 =22,|a*| =2 = 2%,and |b| = |ab| = |a?b| = - = |a’b| = 2 = 2. Hence Q¢ is a

¢-group, and any two vertices x,y € V(B,,,) are adjacent. Therefore f,, , is a complete graph.

Definition 2.3[5,7]: Let I; be a graph with a vertex set V(I;), and D € V(I;) then the induced graph of [; denoted by
I;[D] with any adjacent vertices x, y € I; they must adjacent in I;[D].

Definition 2.4[14]: A set P(G) is a subset of a group G such that P(G) ={x€G|lx|=
p¥, for a prime number p, and a non — negative integer a}.

Theorem 2.8[14]: The induced subgraph B;[G — P(G)] is a null graph if and only if |G| = p¥ q%, for prime numbers p, g,
anda,y € Z*.

Example 2.5: Let G = Z,, = {0,1,2,3,4,5,6,7,8,9}, then we note that [0] =1 =2°, 1] =[3]=|7| =|9] =10 =2 X 5,
|2| = |4| = |8] =4 =22%,|6] =5 = 5" and
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|5| = 2 = 2'. We obtain that Z;, — P(Z,,) = {1,3,7,9}, any two vertices in Sz, [Z;o — P(Z,)] are not adjacent. Hence
Br,,[Z1o — P(Z10)] is anull graph.

Definition 2.5[11-13]: Assume that a graph [;; has a vertex set V(I;;) .If any two vertices a and b in D are not adjacent
in I}; , then the nonempty subset S € V(1) is called an independent set of graph I7.

Definition 2.6[11-13]: The independent number of graph I; denoted by a([;;) and it forms the size of the maximum
independent set of a graph I; .

3. The independent number of the graph f of a finitey group

In this section we investigate the independent set and the independent number of the graph S of a finite groups.
Furthermore, we investigate the independent set and the independent number of the graph B;[G — P(G)].

Definition 3.1: Suppose that there is a graph 8; with vertex set V(S;), then the subset D € V(f3;) is called independent
set of 5 if any two vertices a and b in D are not adjacent.

Definition 3.2: The independent number of the graph g, denoted by a(f;) and it forms the size of the maximum
independent set of graph S;.

Lemma 3.1: Suppose that there is a graph S; with |G| = n,and S € V(B;;) is an independent set of B;, when G isa ¢ —
group then the largest independent set is S = {v}, v is an arbitrary vertex in f;;.

Proof: Assume G is a ¢-group, then G = {x € V(B;) | |x| = p™, where p is a prime , and m is a non-negative integer}.
Hence ; is a complete graph. it follows that any two vertices u and v in V(f;) are adjacent. From elementary graph
theory, we can find S € V() is an independent set of §; and has at least one vertex v. Now by contrary, we suppose
that S = {u, v} € V(B;) is maximum independent set of V(). It follows that u and v are adjacent. It is a contradiction.
Hence the maximum independent setis S = {v}.

Theorem 3.2: Suppose we have a graph f;, then a(f;) = 1 if and only if B is a complete graph.

Proof: Suppose that a(f;) = 1, then the order of maximum independent set of V(f;) is 1. It follows that any two
vertices a and b in V(B;) are adjacent. Hence f3; is a complete . Now, we suppose that f3; is a complete, then G isa ¢ —
group [Theorem 2.1]. It follows that the largest independent set S = {v} € V(S;)[Lemma 3.1]. Therefore a(f;) = 1.

Example 3.1: From Example 2.1 we obtain that any pair of vertices x,y € V(fs,) are adjacent, then S, is a complete
graph, and the maximum independent set is {v} such that v € V(fs,). It follows that a(Bs,) = 1.

Theorem 3.3: Suppose that G =Z,, and we have the graph f; , then a(Bz,) =1 if and only if n=
p*,p is a prime, and k is non — negative integer.

Proof: Suppose that a(;) = 1, then By is complete [Theorem 3.2]. It follows thatany u € f;, has a prime power order

such that |u| = p™\n. Hence n = p*.

Now we suppose that n = p¥, then Bz, is complete[Theorem 2.2]. Therefor Z, is a ¢ — group[Theorem 2.2]. Hence
a(fBz,) = 1 [Lemma 3.1].

Example 3.2: From Example 2.2 we have that S is a complete graph and any vertex x € V(fz,) be adjacent other
vertices, and the maximum independent set of V(fz,) has one vertex. Hence a(ﬁzs) = 1. If we take G = Z,, as Example
2.5 we have fy  is not complete graph, and the maximum independent set is {1,3,7,9}. It follow that a(ﬁzs) =4.

Theorem 3.4: Let G = D,, and we have the graph g, , then a(f),) = 1 if and only if m is a non-negative integer, p is a

prime,andn = p™.

Proof: Suppose that a(f,) = 1, then S, is complete [Theorem 3.2]. It follows that each u € S, has satisfied |u| =
p™, such that p™\n. It implies that n = p*.
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Now, we assume that n = p¥, then Bp,, is complete graph[Theorem 2.5]. It follows that D, is a ¢ — group [Theorem
2.4]. Therefore a(fp,) = 1[lemma 3.1].

Example 3.3: From Example 2.3 we obtain that any pair of vertices x,y € V(Bp,) are adjacent, then S, is a complete
graph, and the maximum independent set is {v} such that v € V(Bp,). It follows that a(fp,) = 1.

Theorem 3.5: Let G = Q4,, and we have the graph By, , then a(Bg,, ) =1 if and only if n = 2", m is non —
negative integer.

Proof: Suppose that a(By,,) = 1, then B, iscomplete [Theorem 3.2]. It means that each vertex u € f,,  has satisfied
|ul = 2%, such that 2¥\n. It implies that

n = 2™. Now, we assume that n = p¥, then By, is complete graph[Theorem 2.7].
It follows that Q,, isa ¢ — group [Theorem 2.6].
Therefore a(fy,,) = 1[lemma 3.1].

Example 3.4: From Example 2.4 we have that 8, is complete graph, and any vertex u € V(B,,,) be adjacent other
vertices, and the maximum independent set of V(f,, ) has one vertex . Hence a(ﬂQm) =1.

Theorem 3.6: Suppose that there is a graph ;, and |G| = p*qY, then

a(Bs[G — P(G)] =1G — P(G)I

Proof: Suppose that |G| = p®q?. It follows that B;[G — P(G)] is a null graph [Theorem 2.8]. This signifies that no two
vertices x,y € B;[G — P(G)] are contiguous. Hence G — P(G) is a vertex set of B;[G — P(G)]. Therefore a(B;[G —
P(®)] =16 - P(G)].

Example 3.5: From Example 2.5 we obtain that Z,, — P(Z,,) = {1,3,7,9}, and the maximum independent set equal to
{1,3,7,9}. Hence a(By,, [Z1o — P(Zy)]) = 4.

Theorem 3.7: Suppose that there is a graph fi;, and |G| = p;*1p,%2p;%3, p1, P2, P5 are distinct prime factors, and G —
P(G) = U{; A, such that

A; = {x €V(B[G — P(G)D]lx| =

! ! ! I I ! ! ! !
p1% 1p,* 2 either p* 1p3® 3 or p,% 2p3% 3 or p,* 1p,* 2p3® 3,p;’s are a prime factors } and aq, a5, a3,a'1, a'y, @';
are positive integer numbers then

a(Bs[G — P(G)] = max {|A;|}, i € {1,2,3,4}.

Proof: Suppose that |G| = p;“p,*p;* , G—P(G) = U}, A; such that A; ={x€V(B;[G—PG)D|lx| =
p1% 1p,* 2 either p* 1p3% 3 or p,* 2ps® 3 or P % 1p,* 2ps% 3, p;’s are a prime factors }.

It follows that each two vertices a and b € A; are not adjacent, where i € {1,2,3,4}.

It implies that any partition A; of a vertex set V(B;[G — P(G)]) forms an independent set. Therefore a(B;[G — P(G)] =
max {|A;|}.

Example 3.6: Let G = Zsy = Zyyaxs = {0,1,...,29}, then
(Z3o) = {x € Z3pl|x] = 1,07 2 0r 3 0r 5} = {0,6,10,12,15,18,20,24}. It follows that

Zso — P(Z3) = {1,2,3,4,5,7,8,9,11,13,14,16,17,19,21,22,23,25,26,27,28,29}, and we obtain four partitions of Zz, —
P(Z3,) regard to the order of element as following:

Wl,Z = {x € Z30||x| = 2 X 3} = {5,25},
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Wiz = {x € Zzol|x| = 2 x5} = {3,9,21, 27},

W,z = {x € Zzollx| =3 x5} ={2,4,8,14,16,22,26,28}, and

Wi,z = {x € Zzllx| =2 x 3 x5} ={1,7,11,13,17,19,23,29}.

The maximum independent sets are W, 3, and W, , ;. Hence a(fz,,[Z3o — P(Z3,)]) = 8.

Theorem 3.8: Suppose that there is a graph 8, and |G| = p;%1p,% ... px %, Py, Do, ..., Py, are distinct prime factors, and
G — P(G) = UK, A; such that

A; ={x €V(Be[G - P@OD|lx| = p1*1p,*2 ...p, %k, p/’s are a prime factors } and ay, dy, ..., @'y, &'5,..., @'y are
positive integer numbers, r > 2 then

a(Bs[G — P(G)]) = max {|A;|}, i € {1,2, ..., k}.
Proof: Suppose that |G| = p;“1p,%2 ... p%, P4, Dz, ..., Pk are distinct prime factors, and G — P(G) = UX_, A; such that

A ={x€V(B;[G—P(G)DIlx| = P& 1p, %2 .p, %k, p’s are a prime factors } and aq, ay, ..., ar, a'y, @'5,..., @', are
positive integer numbers, r > 2, then any two vertices u and v € A; are not adjacent , such that i € {1,2,...,k}. It
follows that any partition A; of a vertex set V(8;[G — P(G)]) forms an independent set.

Therefore a(B;[G — P(G)] = max {|A;|}.

4., Conclusion

In this paper, we deduced certain characteristics of the graph f8; such that, when G is a ¢-group, the biggest independent
set of size one and the independent number of a graph S is 1 if and only if §; is complete graph. In particular, we
concluded that a(fz,) = 1if and only if n = p*, a(Bp,) = lifand only if n =p™, and a(B,,,) = 1ifand only ifn =
2™, Furthermore, we concluded that

a(Bs[G ~ P(®)] = 16 = PO if 1G] = p*q”, a(Bs[G ~ P(6)] = max{|A,[}, when |G| = p;“1p,*2ps®such that A; =
{x eV(B:[G — P(O)DIIx| = P17 1,2 either p, ¥ 1p;%'3 or p, 2ps™3 or p @ ip, ¥ 2p; %3, p’s are a prime

factors },and a(B;[G — P(G)] = max{|A;|},i € {1,2,...,k} when G — P(G) = UL, A;,

and A; = {x € V(Bs[G — P(ODIIx] = p1*1p,%2 .0, %k, p’s are aprime factors }, |G| = p;“1p,* ... p .
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